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Abstract. A new rmethod is presented for construeting the irreducible representation and
for czlculating the Clebsch-Gordan Coefficient of the quantum algebra su (3). The method
is different from others and does not depend on any concrete realization of su,(3). This
means that the result holds in general. A set of recurrence formula has been obtained for
calonlating the Clebsch~Gordan coefficient. In fact the recurrence formula is aimed at the
so-called scalar factor of su,(3), and means that the Racah factorization lemma also holds
for the quantum algebra su,(3).

1. Introduction

In a previous paper [1], hereafter referred to as part 1, we developed a new technique
to comstruct the irreducible representations (irreps) of the quantum algebra su,(3)
explicitly. The method is based on the fact that the generators of su,(3) are written as
Jo, Joesu,(2) and Tiy2, Verys. The latter, satisfying Serre and Serre-like relations, are
considered as } rank tensor-like operators of su,(2), as is done in the classical Lie
algebra [2]. Thus their matrix elements can be easily derived in Elliott-like basis vectors,
and a set of recurrence formula for the reduced matrix elements has been obtained.

However, in [1] we make use of a boson realization of su,(3) algebra, concerned to
deduce certain algebraic relations which are subsequently exploited to obtain the key
results. Here, we first prove that the main resuits in [1] do not depend on any concrete
realizations, so that the results hold in general.

Second, we also derive the Clebsch-Gordan coefficient (ccc) of su,(3) algebra with
the help of the above technique. Ma [3] has also considered the same problem, but
only gave a few of numerical tables. We will derive a recurrence relation. From this
relation we calculate all of the cGe of su,(3) including Ma’s. In fact, our formula is
aimed at the so-called scalar factor (sF) which is invariant under algebra su,(2). This
means that the coc of su,(3) can be factorized by the generalized Racah’s factorization
lemma just as for the classical Lie algebra su(3). Recently we have noticed similar
considerations in the literature [4, 5].

This paper is organized as follows. In section 2, we rewrite the quantum algebra
su,(3). Differing from [I] we shall not use the boson realization su,(3) algebra for
obtaining all of the key results here. We have revised some ¢rrors which appeared in
[1], thus the necessity for rewriting the su,(3) algebra in this section. In section 3, we
calculate the cGe of su,(3). To do this we have to modify the action on the tensor
product space and extend Racah’s factorization lemma for the usual Lie algebra. From
these results we give a recurrence formula for sr. Finally we give the main conclusions.
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2. The gquantum algebra suy(3)
The quantum algebra su,(3) is generated by &;, e, (1 =k, ¢ =e_;, i=1, 2) and obeys
the relations [6]
[h[, eij] = ia,;,-eﬁj i, j"_' 1, 2 (la)
le:, e—]=6,1h)] iLj=1,2 (15)
and Serre’s relations

€% 1841 €x€h) = [2les ez (1e)

(a.,.)=(_f ';)

[xX]=(¢"—g ) /(g—q ") and x is a number or an operator.
In this algebra, two additional operators are defined usually

where

ey=(adey) 22 = e1e2—gese; (2a)

e_3=(ade_z)e-1=e—ze-1—q ‘e 1e_;. . (2b)
Notice that .

ez = (e-3)s. (3)

=1

Here and below, the symbol (x);~ means g—7  in the operator x, where g is a complex
conjugate of g. Making use of (1), we obtain

[ki, 84_-3] = :l:e*:; i= I, 2 (4a)

[es, e—s]=[ +hi] (4b)
and

q_le% €23+ 99*362«*- =[2]ex.e13€%. (5)

The relations can be called Serre-like relation as in [1].
We now redefine the generators

Jo=Mh/2 Je=¢ex (6a)

Q=—(h+2hy) (65)
and

Tip=—e- Vop=en (6¢)
and introduce two auxiliary operators

T 1p=q "e_3 Viz=q"""e. (M
From (6¢) and (7) we have

Vtuz: “T:,.'z VT/2=(T—1,'2)¢;" . t))
From (1)-(8), obviously the following relations are satisfied

G, J]=10Q, J:]=0 (9a)

[Jo, Ju]=%Js [e, J-]1=[270] (95)
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140, T =57 1Ja, V=25V, s=z1/2 {9¢)
[Q, T.]=3T; (2, Vs]=—3V; s=:x1/2 (9d)
and .
J::ZET=F1/2+ T?1/2J2¢=[2]J¢T¥1/2J¢ (10a)
JiVaip+ Vagi=12)duVeipds. (105)

When ¢ is not a root of unity, the finite-dimensional representations of su,(3) are
given by the integer A and u as classical Lie algebra [3]. Let |(Ap)gim) be orthonormal
bases in representation space L, which are Elliott-like and defined by

Ap)ej'm' | QUAp) gim> = €8 40116 mim (11a)

)& | Jo | () &y =118 68 8 i (115)

Ap)efm | Je | () gimy = UFmlitm+ 12808y 8pmer.  (11c)
From (5) we obtain an equation as (12) in [1]. Solving the equation we have

Le+Y'IT) &>

NCED] q**Coimis| j'm') (12a)

Ce+3, jm | T, | gjmy =

where
A=(-1¥ G+ 1/2)-m J=jx3 s=d3. (126)

For simplicity we omit the quantum number (Ag) from now on. C,(jmis|j'm') is a
cGe of su,(2) [7-9]. The matrix element of ¥, is similar. Equation (12) is considered
as a g-Wigner-Eckart theorem. Thus the operators T, and ¥, can be considered as 3
rank tensor-like operators of su,(2).

With the help of (8) and the following relations

TV + (M) T =217(Vi2) (13a)

TTo )+ (T )y Ji =210 (T )y o (13b)
we can derive

gl VIed > = (D" e (Dl &>

= (~D)\T K| T) 5. 1
Finally, as in [1], using (14) and
[Th2, Vor,21=—1Q/2+ Jo) {1534)
[T-1p2, V12l =[Q/2— Jo] (158)
we have l
[{eo—3(a+h), jo+ (a—b)/21T2o=3(a+b+1), jo+ (a=b+1)/2>|*
=[1+a][2o+2+4a)[&0/2—jo—d (162)
[<g0=3(a+b), jo+ (a=b)/2|T| &a—3(a+b+1), jo+(a—b—1))|?
=[1+b][20—bl[&0/2+jp+ 18] (16b)

a=0,12,..., b=0,1,2,.... a7
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In (6), go=244pu,jo=u/2. & is a maximum value of &, which is deternined by
T |(AuYegjo> =0, And jo is the only j value corresponding to £;. In (17), @ and b are
related to » and i of (20) in [1] by n=a+5b, i=b.

We can choose the phase factors from among the basis vectors in order that the
{&j'|V| &> are real and positive, so the {&f|T| & > can be fixed by (14). That is to
say, the irreps can be completely determined by the present technique.

For instance:

(1) (Ap)=(20) 8=4 Jo=0

Table 1a. The values of (&' V(g

CEFV I

(2]
- [2113]

._.

— R
| m

[

Table 1b. The non-vanishing values of Z={&7'n’ | V_1,2| gim).

£ i m £ i m z

1 L -1 4 0 0 2]
-2 I -1 ! 3 5 2
-2 1 0 1 3 -3 1
(2) (Ap)=(21) &=5 Jo=13

Table 2a. The values of {&J'| V| & >.

& J £ J CEPNVIg
2 1 5 3 [21[3])
2 0 5 i 4]

e I 2 1 121[4]

-1 i 2 ] (4]

-1 3 2 0 [2103]

-4 1 -1 3 [4]

-4 1 -1 5 [2][4]

Table 2b. The non-vanishing values of Z={&7m’'( V_1,2| gim).

¢ 7 ' £ j z
2 2]
1

14)/12]
2] -
[21/3}
[21/3]
[41/(3]
[4}/[2)(3]
3]

}

[2)/[3]
1/3]
[2){41/13]
(4}/13]

E]
E]

|
—
|

1
—
il
|

[ %
—_
|

i

—
I
1

™
L= B I = N T R T N e N TN o B e B

Pi= R =N R — ) D e O R = b

ol
|
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These results are the same as those given by Ma [3], perhaps indicating that our
choice for T..1,, and Vi is suitable.

With the help of the highest weight vector |{Au)sejom) all of the basis vectors
| (Au)gjm) can be obtained since

|Gy e =37'm'>=(=1)"*""""N(gj’j) g', Colimis| J'm )V {(Ae) gim) (132)

where N(£f'f) is a normalized constant [1]

(N} =<gliT =3/ VIZ +1] 2 {Colmas | j'm) g 2. (185)

3. The Clebsch~Gordan coefficient of suy(3)

The Clebsch-Gordan coefficients appear in the tensor product space L&L, As in the
classical case, it is now necessary to define the action of the generators on the space
L®L. Here we try the usual definition for the operators H=@, J, or their linear
combinations

H(f®g)=HfQ@g+f@Hg fRgel®L
We write, when H act on L&L
A(=HR1+1QH. (19)

The map A is called the coproduct and defined in the Hopf algebra [4]. From (19) it
follows that

Mg =" @q". (20)

A(Ty2) and A(V ) should be defined in such a way that they are a homomorphism
of the algebra su,(3) into su,(3)®su,(3). In particular, we require that

[A(Ty,2), A(V-12)]
= (q-(Q/2+-fo)®q—(Q./2+Jn) - q(Q:“2+Ju)®q(Q/2+Ju))/(q._ q*l)' 0

We find that a definition similar to (19) is not compatible with (21), and instead, we
have to define

A(Ttlz) = T1/2®q|/2(Qf’2+fo) +q“1/2(Q/2+fo)® T|/2 (22&)
A( Vo) = V_J/2®q1/2(Q/2+Jo) + q“J/Z(Q/2+fo)® V_is. (228)

Note that the coproducts of the auxiliary operators T-,,» and V), are very complex,
but they will not appear in our discussion below; accordingly we will not write them
here. This is another superior point of our method.

Now let the orthonormal basis [a(Au)gim) of LQL be

((;Laaua (Aeits) || (Ap)e
£z Enls g

where a labels multiplicity of the reduction (A,zt,) @ {(Astts)— (A).

|a(Ap)gimy= ¥ )lsJa, &sjs s &MY (23}

Enfatblp
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((laﬂa) (Aste)

Eafa Ebjb

(lu)a)
g

is called the scalar factor (sF) of suy(3), which is invariant for the algebra su,(2), and
| €afa> Enfe; g is defined as

| £ajas Eajs; EfMY= m§, Coljamafsms | ) | (Matt o) €ajuttiay | (Autts) €nfotio ). (24)
Hence
A
|eGygmy= 3, (‘ﬁ'“.‘”") (atta) |( ‘.‘)"‘)|(zaya)ea,fama>|(Abub)ebjbmb>. (25)
Safama \EaqfaMlg  Epjpthip| EM

£l
8pfpmp

That is to say that the cGc
((/’l’aﬂa) (Abﬂb)

EafaMy  Enjyrmy

(l#)a)
gjm
of su,(3) can be written as

((:L,,u,,) i) (Ama)=(uapa) (Aatt)
EajatMa  Exjems| &im €afa 79/

()
&

)Cqumea { jm). (26)

Equation (26) is considered as a generalized Racah factorization lemma.
In the following, we will give formulae for calculating sF values. Because

T | (A Eoforny =0 s=k3 (27)

we can obtain

Y L Ehfes Ehib: €T || Safar Eodo s 8ojo>(

€alabply

(Aata)  (Aoits)

. (28)
Epla Enlb

(}“"?“)r-o.
&jo

Generally, if a # 1, then there are several solutions to (28). Using (22) and the symmetri-
cal properties of the cGC of su,(2), we obtain

(€afas Ebjb; EF | T N €afas Enios &Y

~ypra T

Jv J Jq

X {&a+ 3 [ T || £afi g™/

A o e ER
Ja ¢
X (et 3 | T | euj dg™ (29)
where
Bi=6y/2~ (=)t D+ (=) ))
=—Eaf2+ (= 1) PTG+ D — (1) (4R,
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Here

{j 1 ja}
h L L .
is a quantum Racah coefficient of su,(2) [7, 10]. And (&7’ T“ % ®| g/ > can be calcula-

ted using (16).
Using (18) and (23) we can finally obtain

((ka.ua) ("Lbub) (a'.u) 6[)
Cafa  Ebfe Il 2—3f
={<glTIe-3"}"

= ((ﬂ'aﬂa) (-a'b.ub)
saiatehs \ Eafa Enfp

From (30) and the known
((Aapa) (Aopts)

Zala gbj &

we can determine all of the sF and thus the cGc of su,(3). We have also calculated
some numerical values including Ma’s [3]. Our results are in agreement with {3]. Now
we are planning to translate the method into a computer program.

In conclusion, the irreducible representations and cGc of quantum algebra su,(3)
have been obtained by use of (18), which is a fundamental and key formula. We have
also shown that Racah’s factorization lemma can be extended to the case of quantum
algebra su,(3), and that the sF can be calculated by our technique. Of course the present
procedure is not suitable for the case g being a root of unity. This case is still an open
problem.

2’ a : : : roar roor Xl
( ifj) )<8da, &iss &I T 6bjzs 8hj6s €. (30)

wz))

Eojo

Acknowledgments

This work was supported by The National Science Foundation of China. The author
would like to thank Professors H Z Sun and Jia-Shen Ye and Mr Ya-Ping Yang for
helpful discussions.

References

[1] Zurong Yu 1991 J. Phys. A: Math. Gen. 24 L399
[2] Hong-Zho Sun 1965 Scientia Sinica 14 840
[3] Zhang-Qi Ma 1990 J, Math. Phys. 31 550; 3079
[4] Lienert C R and Butler P H 1992 J. Phys. A: Math, Gen. 25 1223; 5577
[5] Klimyk A U 1992 J. Phys. A: Math, Gen, 25 2919
[6] Jimbo M 1985 Lest. Math. Phys. 10 63; 1986 Lerr. Math. Phys. 11 247
[7] Bo-Yu Hou ez al. 1990 Commun. Theor. Phys. 13 181; 341 '
[8] Ruegg H 1990 J. Math. Phys. 31 1085
[9] Normura M 1989 J. Math. Phys. 30 2397

[10] Kachurik L T and Klimyk A U 1990 J. Phys. A: Math. Gen. 23 2717



